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Abstract 

Nonlocal symmetries for exactly integrable two-field evolutionary systems of the 
third order have been computed. Differentiation of the nonlocal symmetries with re- 
spect to spatial variable gives a few nonevolutionary systems for each evolutionary 
^vq | system. Zero curvature representations for some new nonevolution systems are pre- 

sented. 
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1 Introduction 

This paper is devoted to nonlocal symmetries for the systems obtained in p] via a symmetry 
classification. All calculations are simple and do not require any knowledge of any zero 
curvature representation or Lax representation. The investigation gave several new integrable 
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nonevolution systems besides the known Toda lattices. 



Kumei's article [2] was probably a pioneering work on generalized symmetries for the 
sine-Gordon equation 



v tx = sinv. (1) 



^ ■ It was discovered there that one of the symmetries coincides with the modified Korteweg-de 

Vries equation (mKdV) 

v t = Vxxx + - vl (2) 

Rewriting the sine-Gordon equation in the evolution form ut = d~ 1 smu, one can say that 
this equation is a nonlocal symmetry of (J2]). Let us consider this problem in detail. 

To simplify all formulas we introduce the function u = iv x , that satisfies the following 
equation: 

3 

u t = u xxx - -u 2 u x . (3) 

It is obvious that u is the conserved density for (131) and one can introduce the nonlocal 
variable w = D~ l u. It can be easily verified that e w and e~ w are the conserved densities for 
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([3]) too. This allows us to introduce two more nonlocal variables: 

w 1 = D~ 1 e v ', w 2 = D- 1 e~ w . 

Equation ([3]) possesses the following nonlocal symmetry 

u T = Cl e w + c 2 e~ w + c 3 ( Wl e- w + w 2 e w ), (4) 

where q are arbitrary constants (see [3], for example). 

If C3 = 0, then adopting w in (jlj) as a new unknown function and setting u = w x , we 
obtain the following well known integrable equation 

w TX = c x e w + c 2 e~ w . (5) 

Differentiation of equation (jlj) where c 3 = 0, gives u TX = u(c\e w — c 2 e~ w ). Excluding here 
w with the help of the initial equation, we obtain another integrable equation 

u TX = u\Zu 2 T - AdC 2 . (6) 

Obviously, the relation u = w x connects equations (jHJ) and (jHJ). 

Next, let C3 7^ 0. Differentiating equation (jlj) and combining the result with the initial 
equation, one can obtain {u^Ur^x = uu T — 2c 3 u~ 2 u x . Using a dilatation of r, one can adopt 
C3 = —1/2 and obtain 

Urxx = U~ X U X {U TX + 1) + U 2 U T . (7) 

If one sets then the hyperbolic system follows: 

z T x = uUt + u~ 2 u x , U TX = UZ T . (8) 

It can be shown that nonlocal equation (jlj) possesses a Lax representation. Hence, all 
differential consequences of (jlj) have Lax representations too. So, one integrable evolution 
equation ([3]) generates a set of integrable nonevolution equations (jSJ) - (jHJ). 

The canonical approach to obtaining integrable hierarchies is to fix a Lax operator L 
and consider various operators A. Usually, the operator A is presented as a polynomial 
with respect to positive or negative degrees of the spectral parameter. This gives positive 
and negative flows of the Lax equations. There is a remarkable paper on this theme [1], 
where a general construction of the Lax representations for the KdV-like equations has been 
presented in terms of the affine algebras. Later in [5], this construction was described in 
detail with proofs and examples provided. 

The method that is used here is direct, because it deals with the evolutionary system 
only. But to prove integrability of a nonlocal symmetry one must construct the zero curvature 
representation. 
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2 Basic notion and notation 



Consider an evolution system with two independent variables t, x and m dependent variables 

u t = K(t,x,u,u x ,...,u n ), (9) 

where K = {K a } and u = {u a }, a = 1, . . . ,m are infinitely differentiable functions, u a = 
Uq, = w", = d k u a /dx k . The set of whole dependent variables uf is denoted as u for 
brevity. 

Definition 1. (see [6], [7]). If the vector function a(t,x,u) satisfies the equation 



(A - K*)a = 0, (10) 



where 



D - = s+E^4 « = 5+Emi (») 

tien it is said to be the generalized symmetry of system (0). 

Here -D^ is called the total differentiation operator with respect to x, D t is called the 
operator of evolutionary differentiation. 

The order of the differential operator /* is called the order of the (vector-)function /. 
Generalized symmetries are often written as the evolution systems 

u T = <r(t, x, u), (12) 

where r is a new evolution parameter. It is clear that to obtain local integrable equations 
from (fl2l) one must find the symmetries a that do not depend on t explicitly. 

Definition 2. (see [6], [7]). If for some differentiable functions p and 9 the following 
equation 

D t p(t, x, u) = D x 6(t, x, u) (13) 

is satisfied identically for any solution u of system (0), then relation ( flgj) is called the local 
conservation law of system (0). The function p is said to be the conserved density and 9 is 
said to be the density of current. The pair (p, 9) is said to be the conserved current. 

As the operators D t D x are commutative, then the vector (p = D x f, 9 = D t f) with 
any function / is the conserved current for any system. Such currents are called trivial. 
Conserved currents are always defined by modulo of trivial currents. 
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Let (p, 9) be the conserved current, then the following system 



w x = pit, x, u), w t = 9(t, x, u) (14) 



is compatible for any u satisfying equation (J9]). The solution of (1141) is formally written in 
the form w = D~ 1 p. One can consider w as a new dynamical variable. It is called weakly 
nonlocal or quasi- local (see p]). We will call such variables the first order nonlocal variables. 
Let (pi, 9i) be local conserved currents and = D^pi be the corresponding first order 
nonlocal variables. If there exist conserved currents depending on and, possibly, on local 

(2) 

variables, then one can construct new nonlocal variables w\ and so on. 

The order of nonlocal variables is defined inductively. Let the variables . . . , be 
defined till the n-th. order. If there exists a nontrivial conserved density p(t, x, u, . . . , w^) 
and the n-th order variables w\ can not be removed by some gauge transformation p — > 
p + D x f, 6* — > 6> + D t f, then the variable w = D~ l p{t, x, u, w^ 1 ', . . . , w^ n >) is called the 
(n + l)-th order nonlocal variable. 

Operators ( TTTT) are to be prolonged on the nonlocal variables Wi in accordance with the 
following formulas 

D X = D X + Pl — , D t = D t + 9 i — , (15) 

where (pi, 9i) are the nonlocal conserved currents corresponding to the nonlocal variables Wi. 

It is proved that the operators D x and D t are commutative (see [9], for example). Hence, 
the equation for nonlocal symmetries is fTTUl) with the prolonged operators D x and D t . 

If prolonged equation (TlOT) has a solution depending on nonlocal variables, then this 
solution is called a nonlocal symmetry. 

Differential equations that are interesting for applications have low orders. That is why to 
obtain interesting nonevolution integrable systems one ought to consider low order conserved 
densities and nonlocal symmetries. We restrict ourselves with considering the local variables 
Uq and uf only. Moreover, the nonlocal variables are computed till the second order because 
the symmetries dependent on higher order nonlocal variables are very cumbersome. 

If the system takes the following form 

< = D x K a (t,x,u,u x , . . . ,u n -i), (16) 

then it is called divergent. Setting here u a = U x , we obtain the system 

U? = K a (t,x,U x ,...,U n ) (17) 

that is usually called a potential version of system ([TBI) , as U is the potential for u. 

Below we consider systems of the form (fTTj) with two functions u and v. Therefore in the 
general formulas considered above one must change u l and u 2 to u and v respectively. 
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3 Nonlocal symmetries 



Some of the systems found in [T] do not possess any nonlocal symmetries. Other systems pos- 
sess multi-parametric nonlocal symmetries. Arbitrary constants contained in the symmetries 
are denoted as q or ki. 
1. The system 

3 3 1. 13 1 

u t = u 3 + - u x v 2 - -uiv\ + -Mi 3 , v t = -~v 3 - - (2u lU2 + u?«i) + -vf (18) 

admits of the following nonlocal symmetry 

U T = C 2 W 2 + C 3 W 3 + C 4 (w 4 - WiW 2 ) + C 5 (w 5 - WiW 3 ) 
+ C 6 (w 3 U74 - W 2 W 5 ) + C 7 (2 W 7 - W3W1 2 ) 
+ Cg(w 2 W 7 + W 3 W 6 + W 4 W 5 - - WiW 2 W 5 ) 

+ C 9 (WiW 3 W 4 + WiW 2 W 5 - 2 w 3 w G - W 4 W 5 ), 

(19) 

V T = C i W 1 - C 2 W 2 + C 3 W 3 + C i W 1 W 2 - C^WiW 3 

+ c 6 (w 3 w A + w 2 w 5 - w$) - c 7 (2 w 7 - 2 + w 3 wi 2 ) 

+ C$(w 3 W 6 - W 2 W 7 - WiW 3 W 4 + WiW 2 W 5 ) 
+ Cg(w 3 WiW 4 + W^s - 2w 3 Wq - WiW 2 W 5 ), 

where 

w 1 = D~ 1 e v , w 2 = D~ 1 e u - v , w 3 = D^e^, w 4 = D~ 1 w 2 e v , w 5 = D~ l w 3 e\ 
Wq = D~ x w\W 2 e v ', w 7 = D^wiW^ , w 8 = D~ w 2 w 3 e v . 

We have verified that flow (JT9l commutes with flow (fl"8l) and with the next flow from the 
same hierarchy: 

5 5 5 5 5 

u t = u 5 + -v 4 ui + -u 3 (2v 2 - v\) + -v 3 (2u 2 - ui«i) - -u 2 v 2 v x - -«|tti 

4 4 4 Z o 

5 1 

- ^u x v 2 {u\ + ^i 2 ) + ™«i(5^ 5 - 3u? + lOujvf), 

O OZ 

«t = -~v 5 - -u x u 4 - -u 3 (u 2 + uivi) - -v 3 {u\ - v\) + -v x v\ - -UiU 2 V 2 
4 4 4 o o 4 

5 1 
+ -u lU2 {u\ + u?) + — vi(5uf - 3^ + lOw^ 2 ). 

O OZ 

So, there is a reason to believe that the exact integrability of system (fl9j) holds. 

For all systems considered in the paper we have also verified commutativity of the nonlocal 
flows and of the higher members of the corresponding hierarchies. We do not mention it 
below and we do not write out the higher members of hierarchies for brevity. 

l.a. Setting in (fl"9l q = 0, i > 3, we obtain the Toda lattice: 



Urx = c 2 e u ~ v + c 3 e~ u -\ v TX = c x e v - c 2 e u ~ v + c 3 e~ u -\ (20) 
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In notation of paper \5\ consider the system Ui )tx = exp (j[2j UjAji^j, where Aj iy i,j = 1, 2, 3 
is the Cartan matrix of the affine algebra D 3 with the following Dynkin diagram o<=o^-o. 
One has explicitly: 

Ui M = exp(2«i - 2u 3 ), u 2 , tx = exp(2w 2 - 2u 3 ), u 3jtx = exp(2w 3 - u x - u 2 ). 

It is obvious that the functions p = Ui — u 3 , q = u 2 — u 3 satisfy the system p tx = e 2p — 
e~ p ~ q , q tx = e 2q — e~ p ~ q . If Cj 7^ 0, then the same system is obtained from (1201) by the 
substitution u — v — 2p, u + v = —2q. The constants c, may vanish in ( l20l) . In particular, if 
c\ = 0, then the system decomposes into a pair of the Liouville equations. 

System (120]) can be represented in several forms. For example, choosing p — W\ and 
q = w 2 as the new unknown functions, we obtain: 

Prx = Px{cip - c 2 q + c 3 w), q TX = q x (2c 2 q - exp) , w x =p~ 2 q~ l . 

l.b. If in ( fl9l) C4 = 1 and Cj = 0, i > 4, then there are several possibilities. Consider the 
following examples. 

(1) Adopting p = Wi and q = lnw 2 as the new unknown function and setting c x = c 3 = 
we obtain: 

Ptx = e q pp x , q TX = -e q pq x + f(r)q x , (21) 

where /(r) is an integration "constant". 

(2) Substitution 

u = In (^(V^/LyJ, v = In [4, u>i = U, w 2 = V x /U x , w 4 = V 

results in another system under condition c 3 = 0: 

U TX = Cl UU x - c 2 V x + UV X , V TX = Cl VU x + VV X + f(r)U x . (22) 

If one considers in this point c 3 7^ 0, then the result is the third order cumbersome system. 
Notice that if C4 = and C5 7^ in ( fl9l) . then a slightly different substitution results in ( 1221) 
again. 

(3) Double differentiation of system (fl9|) gives the third order local system 

(2w x -|- Z x ^jU TX -\- CU X € 6 , Z TXX (z x -\- U X ^)Z TX -\- c(u x -\- 2z x ^)6 6 

for any Ci, c 2 , c 3 . Here z = —u — v , c = — 2c 3 . 

I.e. Adopting C7 = —1, = 0, i > 3 in (119]) one can obtain the following system: 



2:2: 



-u tx (p x + 2u x ) + 202^^6 p + 2^u tx eP - c 2 - c 3 e~ 2,i , 
Pte(Mo; + Pa) + 2c 2 (m ;c + 2p a; )e~ p + 2\Jut x eP - c 2 - c 3 e" 
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(23) 



where p = v — u. 
2. The system 

u t = u 3 - 3w 3 + 3v 2 (vi - 2 Mi) + 3-uifi - 2u\, 

V t = — 3 U 3 + 4 V 3 — 3 ^(fl — 2 Mx) + 3 WiMx — 2 , 

admits of the following nonlocal symmetry 

u T = c 2 w 2 4 c 3 w 3 4 c A w A 4 c 5 (2w 2 w 3 - w 5 ) 4 C 6 W 6 

4 c 7 (2 w 3 w 4 - w 7 ) 4 C 8 (2 W 3 Wq - w 9 ) 4 c 9 w 2 (w 2 w 3 - w 5 ) 

- Ci ( ^5^6 + W 2 Wg - 2 W 4 W 7 4 2 W 3 wj - 2 W 2 W 3 Wq), 

v T = c 1 w 1 4 c 2 w 2 4 c 4 w 1 w 2 4 c 5 w 5 4 c 6 (2w 1 w 4 - Wq) 

4 C 7 U7iU7 5 + C 8 (2 W X W 7 - Wg) 4 Cg(2 W 8 ~ W 2 W 5 ) 



where 



(24) 



(25) 





4 C W (W 5 W 6 - 


- W 2 Wg - 


■ 2wiW i w 5 4 


- 2 wiw 2 wi). 


1 




= D~ 1 e v 


w 2 = 




w 3 = 


D x l e 2 \ 




= D- 1 w 1 e' u ~ v , 


w 5 = 


D- l w 3 e~ u - 


-\ w 6 = 


/;>•-< " ''• 


Wj 


= D~ l Wl w 3 e- u - 


~ v , w 8 = 


D~ l w 2 w 3 e 


~ U -\ Wg = 


D-W lW3 e- u ^ 



Let us present some simple local systems that follow from 

2. a. Setting q = for i > 3 in ( |25|) we obtain the Toda lattice: 



Urx = c 2 e~ u - v 4 c 3 e 2u , v TX = c x e v 4 c 2 e~ u - v . (26) 
Let us write the system u^tx = exp UjAj^j , where A,-, is the Cartan matrix for the affine 

(2) 

algebra A\ with the following Dynkin diagram o^o^o. Substitution u = 2u\ — u 2 , v = 
2u 3 — u 2 results in system ( |26l) with c\ = 2,c 2 = — 1, c 3 = 1. System (1261) can be rewritten 
in several different forms. For example, the functions p = W\, q = w 2 satisfy the system: 

Prx = Px{cip 4 c 2 q), q TX = -q x {c\P 4 2c 2 q 4 c 3 w), w x = (p x qx)~ 2 - 

2.b. If q = 0, i > 4, c 4 = 1, then double differentiation of system fT25|) gives the following 
local system: 

Utxx = -Urx(u x 4 v x ) 4 c(3u x 4 q x )e 2u 4 e~ u , (c = c 3 ), 

(27) 

Vtxx = v x v TX - u TX {u x 4 2v x ) 4 c{u x 4 2v x )e 2u + 2e u . 
It is obvious that the order of the second equation can be decreased by the substitution 
v x — > v. If, under the previous conditions, one chooses p = W\ and q = w 2 as new unknown 
functions, then another system follows: 

Prx = Px(ciP + c 2 q + pq), (\nq x ) TX = p x {c x + q) - c 3 p~ 2 q~ 2 . 
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2.c. If c 4 = 0, c 5 = 1, Q = 0, i > 5, then double differentiation of system (|2"5T) gives the 
following local system: 



u TXX = 2u x u TX - v TX (3u x + v x ) + c(3u x + v x )e v + 3e u v , 

Vrxx = ~v TX {u x + v x ) + c{u x + 2^)e v + e""", (c = Ci). 
2.d. If C6 = 1 and q = 0, i > 4, then the following local system follows 



(28) 



u TXX = -2u TX (u x + q x ) + 2c(2u x + q x )e 2u + 2W u TX e 2q + be~ 2u - ce 2 ( u + q ) 



*- = + 2 ^ + ¥^ ' + ^ TX e 2q + be^-ce 2 ^ 



(29) 



where b = c 4 /4 — c%, c = c 3 , q — (v — u)/2. Notice that in the case b = c = the order of 
the first equation can be decreased by the substitution u x — > u. 
3. The next system 

u t = u 3 + u x v 2 - u x v\, v t = (« 2 «i + ufoi), (30) 
admits of the following nonlocal symmetry 

U T = C1W1 + C 2 W 2 + C 4 (u7 4 - W1W3) + C 5 (w 5 - W1W4) 

+ c 6 (w 6 - w 2 w 3 ) + c 7 (wiw & - w 2 w 4 ) + c 8 (w 8 - w 2 w G ), 

V T = —C\W\ + C 2 W 2 + C 3 W 3 + C 4 (w 4 + WiW 3 ) + 
- c 6 (w 6 + w 2 w 3 ) - C 7 (WiW 6 + w 2 w 4 ) - C 8 W 2 Wq, 

where 

Wl = D~ l e u -\ w 2 = D- 1 e- u - v , w 3 = D~ 1 e 2v , w^ = DT x x w x e 2 \ 
w 5 = D- l w\e 2v , w & = D- l w 2 e 2v , w 7 = D~ l Wl w 2 e 2v , w 8 = D~W 2 e 2v . 
3. a. In the case q = 0, i > 3 the following Toda lattice is obtained: 



(31) 



- u ~ v , v TX = - Cl e u ~ v + c 2 e' u ' v + c 3 e 2v . (32) 



In the new variables p = u — v, q = —u — v this system takes the form p TX = 2c\e v — 
c 3 e~ p ~ q , q TX = —2c 2 e q — c 3 e~ p ~ q . This allows to connect system (132]) with the affine algebra 
C<p having the following Dynkin diagram o <=o. In the case of c 3 = this system 
decomposes into a pair of the Liouville equations obviously. 

3.b. If C4 7^ 0, Ci = 0, i > 4, then in the terms of new variables p = wi, q = w 3 system 
( |3TT) takes the following form: 

Ptx = Px(2dp - c 3 q - 2c 4 pq), (q x 1 q T x)x = 2c 3 q x - 2c x p x + Ac 4 pq x + 2c A qp x + 2c 2 p x l q x l . 

If one simply doubly differentiates system (1311) . then the result is 

u TXX = u TX (2u x - p x ) - 2c 2 u x e~ p - c 4 e p , p TXX = 2p TX (p x - u x ) + 2026^(2^ - 3p x ) + 2c 4 e p , 
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where p = u + v. Here the order of the first equation can be decreased by the substitution 
u x — > u. 

3.c. If C5 7^ and the other constants q = 0, i > 3, then a double differentiation of 
system f l3Tj) gives 



m t = = u TX {2u x + g^) - 2c 2 w :r e' ? + a/ aq TX e 2u + 6e" 29 + 2ac 2 e 2u +'?, ^ 
W = -2g rx (M a; + 5«) - 2c 2 (2^ + 3q x )e q + 2^/aq TX e 2u + be~^ + 2ac 2 e 2u +^ 

where a = — C5, b = — C3C5, q = —u — v. 

Notice that systems ff29|) and fl33|) coincide when c 2 = C3 = C4 = 0. This is surprising, 
because the symmetries of these systems, i.e. systems (124"]) and (!30|) . are entirely different. 
A possible explanation is as follows. The system 

u T xx u TX {2u x -\- q x ^j -\- c q rX i qrxx ^Qtx^^x Qx) 2c \fq~rx 

is Liouvillean and possesses a double sequence of symmetries that are constructed by different 
integrals. 

4. The next system 

11 11. 

u t = u 3 + v 1 v 2 - -ul + -u^f + ciVi, v t = u 2 vi - - u\vx + - v\ - C X Ux + C 2 V! (34) 

contains two essential constants that affect the form and quantity of admissible symmetries. 
It becomes clear if one takes into account that system (J341) can be obtained from the Ito 
system by a differential substitution depending on c\ and c 2 (see [1]). If C\ — 0, then the 
differential substitution is essentially simplified, and the differential substitution vanishes 
when ci = c 2 = 0. 

4.1. If ci = 0, c 2 = 0, then system f[3"4l) is degenerate. In fact, the substitution u = 
In [4, v = VJJ' 1 gives 

it -n 3 U 2 X V x V xx U xx 1 V 2 U 2 XX 1 VI , r _V x U t 

' ~ 2 r, u 2 ' 2 r; ' 2 r., ' ' r, ' 

Hence, V = F{U) and we have: 

^ U *~ ~ I it + \ {F " )2U *- 

This equation is exactly integrable iff F IV = (see |7|). Hence, system (1341) with ci = 0, 
c 2 = is not integrable in the general case. 

4.2. If c\ = 0, c 2 7^ 0, then system (l3"4"j) admits of the following nonlocal 4-parametric 
symmetry 

u T = kiwi + k 2 w 2 + h(w 5 + 2w 2 w 3 ) + k A (wiw<j - Awiw 2 + 2w 2 w A ), 

(35) 

v T = -2k 2 e u v x - Ak 3 e u v x (2 + w 3 ) - Ak A e u v x w±, 



where 



w 1 = D x 1 e u , w 2 = D- 1 e- u (v 2 x + c 2 ), w 3 = D~ 1 e u w 2 



u„.,2\ 



e w 



4. 2. a. If ki = 0, i > 2, then differentiation of system fl35l) gives: 

he u + k 2 {v\ + c 2 )e~ u , v T = -2k 2 v x e~ u . 



4.2.b. If k 3 ^ 0, k 4 = 0, then one can obtain k 3 = 1/4 by a dilatation of r. In this case 
differentiation of system (|35|) gives the following system: 

2 



U 7 



-e 



v x 



V T U, 



v x 



(in 



L V x 



2 v^rrrr Ux^x ) 



-v T (v x + c 2 v x r ) + k x e u - c 2 e 



-K + c 2 )e- u . 



34fr) 



4.3. If Ci 7^ in (j3"4"j) . then a dilatation of v , t and x gives ci = 1: 

Wt = «3 + t>l1>2 - ^ U l + ^ "l^l + V l> U t = M 2^1 - ^ + ^ f i - «1 + 021*1, 

There are three cases for three different values of c 2 . 

4. 3. a. c 2 = —2e, e = ±1. In this case system (I34bp admits the following nonlocal 
symmetry: 

u T = kiwi — k 2 w 2 + k 3 w 3 + k 4 w 4 + k 5 wiiu 3 + k§{Qw 4 wz, — 6w 3 wq — 3w\ + w$), 

v T = (k 2 - eki)wi + ek 2 w 2 + e(k 3 + k 5 wi)(2v x e~ u ~ £V - w 3 ) 

+ k 4 (w 3 + 2evv x e~ u - £V - ew 4 - 2v x e~ u ~ £V ) (36) 
+ 4k 6 e~ u ~ £V (6vv x + v x v 3 + 3ev x vw 5 — 3v x w 5 — 6ev x v 2 — 3ev x w 6 ) 
+ 3ke(ewi + 2w 3 W5 + wj — 4w 4 + 2ew 3 wq — 2ew 4 w^) — k^ews- 



Here, 



wi = D x e , w 2 = D x ve , u> 3 = D x e (1 - ev x ), w 5 = D x w 3 e 



U+£V 



w 4 = D T e 



1„—U—£V 



(v + v 2 x (l - ev)), w 6 = D^e^ivws - w 4 ), 



w 7 = D x 1 (2ve- u - £V (ev + v 2 x (2s - v)) - e u+£V w 2 3 ), 

w 8 = D x l (2ve- u - £V (v 2 (e - v 2 x ) - 3v + 6v 2 x (ev - 1)) + 3e u+£V w 3 (vw 3 - 2w 4 )) . 

If k$ = k 6 = 0, then differentiation of system fl35l) gives the following system: 

u TX = (h - k 2 v)e u+£V + k 3 e- u ~ £V (l - ev%) + k 4 e~ u ' £V {v + v 2 x (l - ev)), 
v TX = (k 2 - eh + ek 2 v)e u+£V - ek 3 e~ u - £V (2u x v x - 2v xx + ev 2 x + 1) 
+ k 4 e- u - £V ((2v xx - 2u x v x -l){£v-l)+v 2 x {2e-v)). 

If one set here k 3 = k 4 = 0, then the triangle system (u + ev) TX = ek 2 e u+£V follows. 
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If fa = e/2, and the other constants ki = 0, then the following local system follows 



(37) 

q TX = 2(q x p x - l)p x 1 + pp xx (2 - q x Px)p x 3 + PP X q xx + mV £ ~ ^PxQx, 



-u—kv 



where p = W\,q = 103. Other combinations of constants in ( 1361) give very cumbersome 
systems. 

4.3.b. If c 2 = —2k, \k\ < 1, then system (I34bp possesses the following nonlocal symmetry: 
u T = fawi - k 2 w 2 + faw 3 + faw 4 + k 5 (w 4 w 1 + w 3 w 2 ) + fa(-w 4 w 2 + Wiw 3 ) 

— k 7 (—w 7 + 2c 2 w 3 w e — 2c 2 w 4 w 5 ) + k 8 (2c 2 w 4 w e + 2c 2 w 3 w 5 + w$), 

v T = fa(cw 2 — kw\) + k 2 (kw 2 + cw\) + fa\2v x sm(cv)e~ u ~ kv + w 4 c — kw^j 

+ k 4 (2v x cos(cv)e~ u ~~ kv — w 3 c — kw^ + 2v x fa ywi cos(cy) + w 2 sin(ct>) j e 

— fa(kw 3 w 2 + CW3W1 — cw 4 w 2 + kw 4 Wi) + 2v x fa(w\ sin(cf) — w 2 cos(ct>)je 
+ fa(cwiw 4 + cw 2 w 3 — kwiw 3 + kw 2 w 4 ) 

— 2v x fa(sm(cv)(l - 2c 2 + 2c 2 w 6 ) - 2ccos(cv)(v + k — cw 5 )^e' u ' kv 
+ k 7 (2kc 2 (w 3 WQ — w 4 w^) — 2c 3 (w 4 wq + w 3 w$) + 2cw 4 — kw 7 — cw 8 ) 
+ 2k 8 v x (^cos(cv)(l - 2c 2 + 2c 2 w 6 ) + 2csin(ct> )(cw 5 -k + v)^)e~ u ~ kv 

+ k s (^2c 3 (w 4 w 5 — w 3 Wq) — 2kc 2 (w 4 WQ + w 3 w 5 ) + cw 7 + 2cw 3 + kw 8 ^j . 



u—kv 

(38) 



Here c = yl — k 2 and 

Wl = B~ x cos(cv)e u+kv , w 3 = DT X X ( cos(ez; - a) - v 2 x sin(cv))e~ u ~ kv , 
w 2 = D~ l sin(cv)e u+kv , w 4 = D~ 1 (sin(a - cv) - v 2 cos(ct> ))e~ u ~ kv , 
w 5 = D x 1 (w 4 sm(cv) - w 3 cos(cv))e u+kv , w 6 = D~ l (w 4 cos(cv) + w 3 sm(cu))e u+kv 
w 7 = D x l (c 2 e u+kv (sm(cv)(w 2 3 - w 2 4 ) + 2w 3 w 4 cos(cv)) + 

+ e- u - kv (ccos(cv)(2kv 2 x - 2vv 2 x + 2kv - 1) - sin(cw)(2c 2 t; 2 - v 2 x + 2c 2 v + k)) 

w 8 = D x l (c 2 e u+kv (cos(cv)(w 2 3 - w 2 4 ) - 2w 4 w 3 sin(ci;)) + 

+ e~ u ~ kv (cos(cv)(2c 2 v 2 x - v 2 x + 2c 2 v + k) + csm(cv)(2kv 2 x - 2vv 2 x + 2kv - 1))), 

71 71 

k = sin a, c = cos a, — — < a < — . 

Simple local equations exist under conditions ki = 0,i > 4 only: 

Utx = (fa cos(ct> ) + k 2 sin(cv))e u+kv + k 3 v 2 x sm(cv + a)e~ u ~ kv 

- k 4 v 2 x cos(cv + a)e' u ~ kv - (k 3 cos(cv) + k 4 sin(cf ))e~ u ~ kv , 

v TX = (fa sm(cv - a) - k 2 cos(cv - a))e u+kv (39) 
+ (2v x u x — 2v xx + 1) (fa sin(cf + a) — fa cos(ct> + a))e~ u ~ kv 

- v 2 x (k 3 cos(cv + 2a) + fa sin(ct> + 2a))e~ u ~ kv . 
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(40) 



If k 3 = A; 4 = 0, then this system decomposes into two Liouville equations in the terms of 
variables p = u + ie~ ta v, q = u — ie ia v. 

4.3.c. If c 2 = —a — a -1 , |a| ^ 1, then system (I34bl) possesses the following nonlocal 
symmetry: 

u T = —ak\W\ + k 2 w 2 + ak 3 w 3 + k^w^ + ak 5 wiw 3 + k§w 2 w± 
+ k 7 (w 7 + 2w 4 w 5 (a 2 - l) 2 ) + ak 8 (2w 3 w G (a 2 - l) 2 + w 8 ), 

v T = hwi - ak 2 w 2 - k 3 (w 3 - 2av x e~ u ~ v/a ) - a/c 4 (w 4 - 2v x e~ u ~ av ) 
+ k 5Wl (-w 3 + 2ae' u ' v/a v x ) + k 6 w 2 a(2v x e- u - av - w 4 ) 

— ak 7 (w 7 + 2w 4 (a 2 — l)(u> 5 a 2 + 2a — u> 5 )) 

- Aak 7 e- u - av v x {2a 2 v(a 2 - 1) + 2a - w 5 (a 2 - l) 2 ) 
+ k 8 (2w 3 (a 2 - l)(w 6 - a 2 u> 6 + 2a 2 ) - w 8 ) 

+ 4ak 8 e- u - v/a v x (w 6 {a 2 - l) 2 + 2aw(a 2 - 1) - 2a 4 )). 

Here, 

Wl = D^e u+v/ \ w 2 = D x ~ 1 e u+av , w 3 = D^e^^a - v 2 x ) } 

W4 = D- x e- u - av {\-avl), w 5 = D7 x x w±e u + a \ w 6 = D~ W +OB 

W7 = D- 1 (Aa 2 e- u - av (v - a 2 v - a + v 2 x {a 3 v - av + 1)) - e u+av w 2 A {a 2 - l) 2 ) , 

Ws = D- 1 (4ae- u - v / a (a 3 v - a 2 - av + v 2 x {-a 2 v + a 3 + v)) - e u+v/a w 2 3 {a 2 - l) 2 ) . 

If ki = 0, i > 4, then the following local system follows: 

u TX = -ak ie u+v/a + k 2 e u+av + ak 3 e- u - v/a (a - v 2 x ) + k 4 e~ u - av {l - av 2 x ), 
v TX = k ie u+v/a - ak 2 e u+av - k 3 e~ u - v/a {2au x v x - 2av xx + v 2 x + a) 
- ak 4 e~ u ~ av (2u x v x - 2v xx + av 2 x + 1). 

If k 3 = fc 4 = then this system decomposes into two Liouville equations in the terms of 
variables p = u + av, q = u + v/a. 

If &5 = a and the other constants ki = 0, then the following local system follows 



X I 



Ptx = pqPx(a - 1) + 2apy/a + p x q 
q TX = 4a 2 (a + p x q x )p~ x + 2a 2 pp~ l q xx - 2ap~ 1 (qp x + 2pq x p xx )y/a + p x q x (41) 
- 2a 2 pp xx (p x q x + 2a)p x 3 + (1 - a 2 )pqq x , 

where p = w\,q = w 3 . Other combinations of the constants in (|40p give more cumbersome 
systems. 

Notice that all formulas from points 4.3. b and 4.3.c are connected with each other by 
the transformation a = k + ic, a -1 = k — ic, c = y/1 — k 2 . All formulas from point 4. 3. a can 
be obtained from corresponding formulas of point 4.3.b as the limit k — - > e = ±l,c — > 0. 
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But these calculations are very cumbersome. In particular, system (l4"Tj) is reduced into (1571) 
under the substitution a = e = ±1, q — > —eq 

All remaining systems found in p] have no nonlocal symmetries or have trivial nonlocal 
symmetries that lead to the Liouville equation. 



4 Zero curvature representations 

We present here the matrices U and V realizing zero curvature representations 

U T -V x +[U,V] = 

for some of the systems connected with fl24|) . Spectral parameter is denoted as k everywhere. 
System (l24"j) can be obtained from the Drinfeld-Sokolov system [5] 

m t = m 3 — 3n 3 — 3m x (Am — 9n) + 3n x (8m — 15n), 
n t = —3m 3 + An 3 + Y2m x n + 6n x (m — An) 

by the following differential substitution: 

1 



(42) 



m = U 2 X + -vl - U 2 - Ua, 



n = u x — u 2 . 



(43) 



First, we write the matrices Z7o Vo that form the zero curvature representation for system 
ED 



(a 


1 


n — m 








\ 




( hi }X 


h 2 


fx 





-5k \ 











1 














-5k 


-2h 3 





-l 











m — 


n 


,V = 


-hi 








5 


-Si 





n 








k 






5k 


h 





—h 3 ^ x 


kh 2 


\o 





1 








) 




\ 


5 


hi 








(44) 



Here, 

hi = 7n — Am, h 2 = m — 3n, h 3 = An — 3m, 

fi = —Am 2 + 7n 2 + Am 2 + 7n 2 — limn, 

f 2 = —3m 2 + An 2 — 8n 2 + 6mn. 
Matrices (1441) are embedded in si (5, C). 

Performing substitution (|43|) in matrices (jUJ) and excluding u 2 and v 2 from [/q by a 
gauge transformation U = S^^UqS — S x ), V = S^iVoS — S t ), we obtain the zero curvature 
representation for system 



U 



( v x 


i 








o \ 




I 




'r2 





-5v x 


-5k\ 





-u x 





1 














-5k 




5kv x 


-1 














,v = 






5h 





5 














Ux 


k 






5k 





5kh 




kip 2 


Vo 





1 





-v x J 




\ 





5 


<P5 





-fij 



(45) 
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Here, 



V?2 
¥3 



2vi 



Av 3 - 3u 3 + 3u 2 {2u x - v x ) + 3v x u 2 x 
2u 2 — v 2 — 2u x — 2v x + 5u x v x , 

3v 3 -u 3 + 3v 2 (2u x - v x ) - 3u x v 2 x + 2u x , h = v x - u x , 

(p A = 2«2 - Qv 2 - 2u 2 x + 3v 2 x) (f 5 = 4t> 2 - 3u 2 + 3u 2 x - 2v 2 . 
The system *ff x = U^f, where U takes the form (|45p . can be reduced to the following single 
equation 

(d x - u x )(d x + u x ){d x - v x )d x (d x - v x )^ 5 + k^ 5 = 0. 

The spectral problem for this equation is obviously nontrivial. 

System ( 124"|) is presented in [5] , but in another form (see table 5, Af). The zero curvature 

representations for this system and corresponding Toda lattice are contained in the same 

paper. But it was simpler for us to compute these zero curvature representations anew. 

Matrix U for the Toda lattice (1261) is shown in (1431) and V takes the following form: 

/ -cte v \ 

-c 2 e~ u - v 

de v 

c 3 e 2u 

\ -k- 1 c 2 e- u - v / 

We have assumed that systems ( 1271) - ( 1291) belong to the same hierarchy as system (T5] 

If this is true, the matrix U is common for all mentioned systems. The calculations have 

confirmed our assumption and we present below only the matrices V for the mentioned 

systems. 



V 



For system (J2 





/ 





u TX 








ce 


2u — it. 


r X 


— e~ 


u 


V = 






















ce 2u 









V 













For system (1281) 














( 













C6 ^rx 











V = 











ce 



2 it 






-k-\ 



V 



^ ^TX ^TX H~ 



U— l„u— v 



ce 



-ce 







2d 











\ 



+ ce 



2» 



(46) 








(ce v — v 7 



For system (EHj): 
/ 



V 



ce 



2w 









-2q TX - ce 2u 


2k- 1 e 2q 







-2r 














-2/c-V 





ce 2u 

















kr l (ce 2u — u TX 



2q. 



o\ 



ce v 


0/ 



2e 2 « 

rx ^6 







(47) 



\ 



2 u 



(48) 
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Here r = \j u TX e 2q + be 2u — ce 2( - u+q ^> and the substitution v = u + 2q must be performed in 
the matrix U (see (1431)). 

Conclusion 

As it was mentioned above, each nonlocal symmetry presented in this paper is a symmetry 
for the system under consideration as well as for its higher analogue. This gives grounds 
to believe that all presented systems are exactly integrable. But this assumption must be 
proved, of course. Such proofs have been presented for systems f [27"l) - ( 1291) . For other systems 
this problem should be further investigated. 
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